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This paper develops a mechanistic model of granular materials that can be used with a commercial ﬁnite element pack-
age (ABAQUS). The model draws on the ideas of critical state soil mechanics and combines them with the theory of enve-
lopes to develop an elasto-plastic model with a non-associated ﬂow rule. The model incorporates both local deformation at
the granule contacts, and rearrangement of the granules so that jointly they account for any bulk deformation. The
mechanics of the model closely reﬂect the physicality of the material behaviour and the model parameters are closely linked
(although not simplistically identical) to the characteristics of the granules. This not only gives an insight into the material
behaviour, but also enables the model to be used to facilitate design of the material, its processing properties and, hence,
component development. The model is used to simulate drained triaxial tests, settlement of a powder in a bin, and some
examples of die pressing. Simulations are compared with experimental data and with predictions obtained using other
models.
 2008 Elsevier Ltd. All rights reserved.
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The ability to predict the bulk behaviour of granular materials and any damage likely to be sustained by the
granules during deformation is essential if deformation is to be managed in a controlled manner. That is
equally true whether granular materials are deliberately compacted to achieve the desired properties (e.g. dur-
ing the forming of pharmaceutical products, the compaction of backﬁll in excavations or the pressing of metal
powders to produce porous bearings, etc.), or they are deformed in an eﬀort to make them ﬂow without com-
paction (e.g. when pharmaceutical powders are transported prior to forming, when agricultural grains are
stored in hoppers, or when metal powders are poured into a die).0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.11.021
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exhibited by metals undergoing deformation. Speciﬁcally the permanent deformation is nearly rate indepen-
dent and both materials appear to have a yield stress (Bishop and Henkel, 1962). However, pressure and vol-
ume changes dominate the behaviour of granular materials while they have relatively little inﬂuence on the
behaviour of fully dense metals undergoing deformation. Increasing the pressure on a granular material
can inhibit or facilitate further deformation; deformation can be accompanied by an increase or a reduction
in volume; while maintaining constant volume during ﬂow can either harden or soften the compact depending
on the initial packing.
Given the strong similarity between metal plasticity and some of the bulk behaviour of granular materials,
it is not surprising that models designed to simulate the plastic deformation of metals (Gurson, 1977) have
sometimes been adapted for use with granular materials. This strategy works well when the stress state is close
to hydrostatic, however, the simple associated ﬂow rule common to metal plasticity models is not always
appropriate. If used with granular material models (Drucker and Prager, 1952; Lade, 1988), the assumption
of associated ﬂow sometimes results in an overestimation of the dilatancy, although this may be an acceptable
approximation for dry material near a free surface. Such models can, however, also predict zero energy dis-
sipation when the material is ﬂowing freely. This bizarre prediction occurs because associated ﬂow ignores the
energy that is dissipated as a result of inter-granular friction (Chandler, 1985; Collins and Houlsby, 1997).
Models designed, or speciﬁcally adapted, for use with granular materials, tend to address at least one of the
two modes in which the bulk material can deform:
Granule deformation. Where the deformation of the bulk material is dominated by particle deformation,
models with smooth yield surfaces (developed either from the Modiﬁed Cam-clay model (Roscoe and Bur-
land, 1968) or from a model by Gurson (1977) for porous metals) work reasonably well for proportional (or
approximately proportional) loading. However experiments with sudden changes of direction in the stress
path indicate that a corner may be present in the yield surface (Henderson et al., 2001).
Granule rearrangement.Where particles rearrange by sliding and rolling at the contacts, frictional eﬀects are
important; and this has led to problems in the use of the associated ﬂow rule. These problems have been
largely overcome by postulating a plastic potential (established by using intelligent assumptions based
on experimental observations) (Gajo and Muir Wood, 1999) to take the place of the yield function in estab-
lishing a ﬂow rule. While these models work reasonably well, there is nothing intrinsic within the mathe-
matical formulation to ensure that the model is thermodynamically consistent; and it follows that care
must be exercised to avoid unsuitable choices of ﬂow rules that might erroneously predict spurious energy
generation (Harris, 1993).
In some models the yield surface is created in two parts to reﬂect these modes (DiMaggio and Sandler,
1971). Using this approach workers wishing to explore the eﬀectiveness of constitutive relations in the area
of stress space where both bulk deformation modes are important, have been forced to invent transition pro-
cedures (for example, to cater for a change in plastic potential from a conical to an ellipsoidal form) (ABA-
QUS, 2005, Section 4.4.4). The beneﬁts of using a single, smooth function have also been recognised (Khoei
and Azami, 2005; Khoei et al., 2006). This paper presents a model that uses a rational, physically based,
approach to simulating both modes of bulk deformation and that produces a smooth transition from one
deformation regime to the other without the need of additional smoothing.
Several existing soil models (e.g. Drucker–Prager, modiﬁed Drucker–Prager, extended Cam-clay,
Mohr–Coulomb (ABAQUS, 2005)) have been used with the ﬁnite element method to simulate the behaviour
of powders. Some models that use a variety of formulae based on invariants of the stress tensor (Khoei and
DorMohammadi, 2007b; Khoei et al., 2006; Kim and Cho, 2001; Cedergren et al., 2002; Ransing et al., 2000)
and sometimes build on the work of Gurson (1977) for porous metals, have also been incorporated into ﬁnite
element code and used to simulate tests granular materials. However, these approaches do not provide insight
into how granular materials might be modiﬁed in order to improve performance during transport, storage or
forming.
The ﬁnite element method is well developed and frequently used by engineers to aid in the design of such
modiﬁcations. This method requires that the material properties be encapsulated in an instantaneous stiﬀness
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mechanistic model presented earlier (Chandler, 1990) by including non-linear hardening, and developing an
incremental formulation speciﬁcally for use with the ﬁnite element method which includes the creation of
the instantaneous stiﬀness matrix.
Themechanistic model presented here uses the inelastic rearrangement and deformation of the granules to set
up an energy balance based on the energy dissipated during the two types of deformation. From this, using an
approach similar to the thermomechanical approach pioneered by Collins and Houlsby (1997) and used by oth-
ers (Zhao et al. (2006), for example), a yield function is developed. However, in our work it includes terms that
allow for changes in the bulk properties of thematerial as deformation progresses through physically identiﬁable
mechanisms. Elastic deformation is incorporated and, hence, a set of constitutive equations is formulated. These
equations contain parameters that are closely related to the conventionalmaterial parameters of the granules and
the bulk material. As a consequence, the eﬀect of changing any of the material parameters can be explored and
used to guide the development of granular materials and their storage, transport, processing and use.
As the mathematical formulation is established by considering the mechanics of the behaviour of granular
materials, the model can be applied to novel situations with more conﬁdence than would be appropriate for an
empirically based model. The ﬂow rule that arises out of this is non-associated and so does not over-predict
the dilatancy or, as mentioned earlier, risk the bizarre prediction that no energy is dissipated by free ﬂowing
materials. As the ﬂow rule has been established from a dissipation function and dilatancy rule in a single pro-
cedure that also determines the yield surface, frictional behaviour is treated appropriately and the model is
automatically thermodynamically consistent. The formulation ensures a smooth transition within the yield
surface from the zone where the deformation of the bulk material is dominated by particle deformation to that
where particle rearrangement dominates the deformation.
A number of assumptions have been made for the sake of simplicity.
(1) The granular material has been assumed to be isotropic and no attempt is made to model the very com-
plex behaviour associated with the development of anisotropy; rotation of the principal stress axes; cyclic
loading or localisation. These situations have been treated elsewhere (Chandler, 1990; Henderson et al.,
2001; Chandler and Sands, 2007b).
(2) There is a considerable body of experimental evidence (Yoshimine, 2006; Thornton, 2000; Lade, 1988;
Matsuoka and Nakai, 1974) indicating that the third invariant of the stress tensor plays a roˆle in pre-
dicting the ﬂow of granular materials when that ﬂow is dominated by particle rearrangement. However,
the nature of this roˆle in compaction has not yet been clariﬁed. In particular, the exact shape of the yield
surface within the cap region has not yet been established. There is also some doubt concerning the shape
of the underlying yield surface in the cone region. The Mohr–Coulomb/Matsuoka–Nakai shape
observed experimentally in the failure surface might (Chandler, 1990) occur as a consequence of local-
isation – with the underlying yield surface having a circular cross section. Alternatively, it might be the
case that the underlying bulk constitutive equations should incorporate the third invariant to directly
predict a curved triangular yield surface. However, incorporating the third invariant with identiﬁable
mechanisms for both granule deformation/damage and rearrangement while taking account of dilatancy
has been shown to lead to mathematical complications (Chandler and Sands, 2007a). For these reasons
the third invariant has not been incorporated into the bulk constitutive equations used in this model.
However, the third invariant has been included in other models Khoei and DorMohammadi (2007a),
Zhao et al. (2006) and its roˆle of is clearly worthy of further investigation. This will be addressed in
future work.
(3) Two versions of the model are presented, one assuming linear hardening and the other assuming expo-
nential hardening.
(4) Elastic strains have been allowed for by assuming a rule whereby the elastic modulus develops as defor-
mation progresses; while Poisson’s ratio has been assumed to be constant throughout.
Even with these simpliﬁcations, and using fewer adjustable parameters than is generally the case for three-
dimensional granular material models; the model presented here nonetheless successfully reproduces many of
the key features of the mechanical behaviour.
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There are three basic steps in the development of the model presented in this paper.
(1) The deﬁnition of the dissipation function and dilatancy rule and the way in which a yield function and
ﬂow rule can be derived from them.
(2) How the parameters in the dissipation function and dilatancy rule change with deformation.
(3) The establishment of the incremental procedure used to link with commercial ﬁnite element code.
These steps will be examined in the following three subsections.2.1. The dissipation function, the dilatancy rule, and applying the theory of envelopes
The components of the strain rate tensor are deﬁned in the usual way_eij ¼ 1
2
ovi
oxj
þ ovj
oxi
 
; ð1Þwhere vi are the components of the displacement rate associated with the homogenous deformation of a unit
cube sitting in a set of Cartesian axes, x1, x2 and x3.
The components of stress needed to produce this deformation rate are noted by rij, and because they are
not functions of the spatial coordinates, automatically obey equilibrium. Tension is taken as positive through-
out this paper.
The rate at which energy is supplied to the system by the boundary tractions can be established as rij _eij
using the theorem of virtual work. This energy is either stored as increases in the elastic energy ( _U ) or dissi-
pated by plastic deformation ( _D). Hence, an energy balance can be establishedrij _eij  _U  _D ¼ 0: ð2ÞGranule deformation near the areas of contact can be split into two mechanisms – elastic and inelastic defor-
mation. Granule rearrangement can also occur by granules rolling and sliding over one another. The resis-
tance to rolling is governed by the particle deformation mechanisms; but resistance to sliding is governed
by a third mechanism – inter-particle friction.
In general all three of these mechanisms will occur during bulk deformation of the material. Let _eEij be the
components of strain rate by elastic deformation at the contact patches; _eDij be components of strain rate by
irreversible deformation at the contact patches; and _eRij be components of strain rate produced by granule rear-
rangement. These types of strain rate sum to make the components of overall strain rate ( _eij). For very loosely
packed granules suﬀering increasing levels of compressive stress for the ﬁrst time, a small amount of granule
deformation will induce rearrangemental collapse of the packing, leading to a denser structure as illustrated in
Fig. 1 for vertical compaction of 150–250 lm steel powder. However, it can be seen (Fig. 2) that this is a rel-
atively small eﬀect in an entirely compressive system. For a reasonably dense packing we can make the
assumption that deformation without particle rearrangement is possible and, in such a case, any rearrange-
ment will tend to induce dilation.
Each of these types of strain rate can be split into the volumetric ( _e) and deviatoric ( _d) parts, for example_e ¼ _emm; ð3Þ
and_dij ¼ _eij  1
3
_edij; ð4Þwhere dij is the Kronecker delta.
Similarly the components of stress can be split into and the hydrostatic (r) part
Fig. 1. Showing diametral sections through a sequence of X-ray tomographs taken as steel powder, with a particle size range 150–250 lm,
is progressively compressed in a 1 mm diameter cavity by 0.125 mm displacement in steps of the piston. The arrows indicate the direction
of any translation, but do not indicate the magnitude. A cross indicates that the particle did not translate.
Fig. 2. Showing the sections from successive stages (as in Fig. 1) overlapping such that the lighter regions show the particle movements
after each of the 0.125 mm displacements of the piston. The early stages show sideways displacement at the top of the die while there is
much more of an ‘up–down’ ﬂow towards the base and later stages.
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3
rmm ð5Þand the deviatoric (sij) partsij ¼ rij  rdij: ð6Þ
The energy balance can be further manipulated and expanded. The terms in Eq. (2) containing the compo-
nents of elastic strain rate cancel out so that it reduces torijð _eDij þ _eRijÞ  _D ¼ 0: ð7Þ
The dissipation function is chosen to be_D ¼ ðk2ð _dDij _dDijÞ þ l2ð _eDÞ2 þ r2l2ð _dRij _dRijÞÞ
1
2; ð8Þwhere k, l and l are adjustable parameters. It incorporates the particle deformation mechanisms in the ﬁrst
two terms; and particle sliding mechanism in the last term. It has been found to have a suitable form for sim-
ulating the behaviour of granular materials in a wide range of conditions (Chandler, 1985, 1988, 1990). The
above dissipation function is both positive deﬁnite and homogeneous of degree one in the various components
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tion that appears to give reasonable results even under some conditions where anisotropy would be assumed
to have developed (Henderson et al., 2001). The energy dissipated during compaction by deformation at the
contact patches is controlled by l. The energy dissipated in shape change by deformation at the contact patches
is governed by k and the frictional energy dissipated during granule rearrangement is determined by the prod-
uct of the current pressure and l.
The dilatancy rule can be deﬁned (Chandler, 1985) as_eR ¼ mð _dRij _dRijÞ
1
2; ð9Þwhere m is an adjustable parameter which determines the dilatancy of the bulk granular material at low pres-
sures. Eq. (7) now becomes/  sijð _dDij þ _dRijÞ þ rð _eD þ mð _dRij _dRijÞ
1
2Þ  _D ¼ 0: ð10ÞA yield surface can be derived from this energy balance equation by considering the theory of envelopes (Bruce
and Giblin, 1984). If the values of the components of the various types of strain rate are chosen arbitrarily
then Eq. (10) represents a hypersurface in stress space. Choosing diﬀerent values will produce diﬀerent hyper-
surfaces. If this is repeated many times an envelope in stress space is produced and a section through one is
shown in Fig. 3.
The envelope has the properties of a yield surface as on, and outside it, the stress space is full of hypersur-
faces, while the space inside it is empty. In the region with no hypersurfaces, there is insuﬃcient energy being
supplied to the system to produce bulk deformation, while on the surface the energy being supplied to the sys-
tem is completely dissipated during the deformation. The direction of the strain rate is determined by which
hyperplane the stress touches on the yield surface. The strain vectors representing the volumetric strain and
shear strain invariants are shown on the yield surface in Fig. 4. We note that the shape of the yield surface
and the directions of the strain increment vectors are very similar to those estimated by Lade (1988).
This geometrical approach was used (Baker et al., 1956) in the production of interaction diagrams for steel
frames. However, in the present case, the theory of envelopes (Bruce and Giblin, 1984) can be used to obtain
the yield surface and ﬂow rules analytically. To understand how this is done, ﬁrst consider a function with two
sets of variables xi and ai. The variables ai can be regarded as adjustable parameters producing a family of
surfaces in xi space. The standard procedure for such a function is as follows.
Step A1 The function is put into the form hðxi; aiÞ ¼ 0.–1.5 –1 –0.5 0
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Fig. 3. Section through a yield surface produced as an envelope for the case of zero dilatancy (m ¼ 0).
Fig. 4. Yield surface with strain vectors (arbitrary units).
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Step A3 These equations are rearranged to make ai the subject of the expression.
Step A4 This expression is then used to eliminate ai from hðxi; aiÞ ¼ 0, to give the equation of the envelope.
For the case considered here, ai are the strain rates and xi are the stresses. The convenience of using the
deviatoric and volumetric components, can lead to complications in the above procedure if the dissipation
function is not isotropic. These complications are resolved using a Lagrangian multiplier (which is covered
elsewhere (Chandler and Sands, 2007a)) but in the particular case considered here that multiplier is zero. Addi-
tionally, making the strain rates the subject of the equations (Step A3) is only partially carried out. They are
retained in a contracted form on the left hand side of the equations and are then carried forward into Step A4,
where they are ﬁnally eliminated. This modiﬁed version of the above procedure is given in detail below.
Step B1 The energy balance, / ¼ 0, is deﬁned in Eq. (10).
Step B2 The derivatives of / are obtained with respect to the various components of strain rate and equated
to zero.o/
o _eD
¼ r l
2 _eD
_D
¼ 0; ð11Þ
o/
o _dDij
¼ sij 
k2 _dDij
_D
¼ 0; ð12Þ
o/
o _dRij
¼ sij þ
rm _dRij
ð _dRij _dRijÞ
1
2
 r
2l2 _dRij
_D
¼ 0: ð13ÞStep B3i These are rearranged and, with Eq. (9), form the following ﬂow rule_eD ¼ r
_D
l2
; ð14Þ
_dDij ¼
sij _D
k2
; ð15Þ
_eR ¼ mð _dRij _dRijÞ
1
2; ð16Þ
_dRij ¼
sij
l2r2
_D
 rmﬃﬃﬃﬃﬃﬃﬃ
_dRij
_dRij
p : ð17Þ
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_dRij _d
R
ij
q0 ¼ _dRij _dRij
r2l2
_D
 2

2rml2r2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_dRij _d
R
ij
q
_D
þ ðr2m2  sijsijÞ ð18Þwhich can be solved to giveﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_dRij _d
R
ij
q
¼ rm
ﬃﬃﬃﬃﬃﬃﬃﬃ
sijsij
p
r2l2
_D
  : ð19Þ
As r is negative and the energy dissipated ( _D) is positive, the solution uses the positive root of
ﬃﬃﬃﬃﬃﬃﬃﬃ
sijsij
p
,
givingmrþ ﬃﬃﬃﬃﬃﬃﬃﬃsijsijp
r2l2
 
_D ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_dRij _d
R
ij
q
: ð20ÞStep B4 Eqs. (14) and (15) can then be used to eliminate deformation terms from Eq. (10). Substituting for
_dRij in Eq. (10) using Eq. (17), then givessijsij
r2l2
_D
 rmﬃﬃﬃﬃﬃﬃﬃ
_dRij
_dRij
p þ rm
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_dRij _d
R
ij
q
þ sijsij
_D
k2
þ r
2 _D
l2
 _D ¼ 0: ð21Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_dRij _d
R
ij
q
can then be eliminated using Eq. (20); and the result divided by _D (which is, by deﬁnition, always
greater than zero) to produce the yield functionððsijsijÞ
1
2 þ mrÞ2
2
þ sijsij
2
þ r
2
2
 !1
2
 1 ¼ w1 ¼ 0: ð22ÞðlrÞ k lIf ððsijsijÞ
1
2 þ mrÞ < 0 then the yield surface deﬁned by Eq. (22) lies outside the yield surface that would have
been produced if there were no rearrangemental terms. This implies that, in this region of the yield surface, it is
easier to deform without any particle rearrangement. This inequality therefore partitions the functional rep-
resentation of the actual yield surface. w1 is deﬁned in Eq. (22) and is used when ððsijsijÞ
1
2 þ mrÞ > 0 and rear-
rangement does take place, while w2 is deﬁned assijsij
k2
þ r
2
l2
 1
2
 1 ¼ w2 ¼ 0 ð23Þand is used when ððsijsijÞ
1
2 þ mrÞ 6 0 and no rearrangement occurs.
The ﬂow rule when ððsijsijÞ
1
2 þ mrÞ < 0 can still be represented by Eqs. (14)–(17), but with _dRij _dRij put to zero.
On investigation it is found that there is a smooth transition between the yield functions, w1 and w2, with no
vertex in the yield surface, as can be seen from Fig. 5.
To put this yield function in the context of others it is worthwhile looking at some limiting cases. If the
material is made incompressible by letting l tend to inﬁnity, and rearrangement is prevented by letting l do
the same; then, with both terms tending to inﬁnity, Eq. (22) reduces to the Von Mises yield criterion. If the
material is allowed to be compressible, by l being ﬁnite, the elliptical yield function of Shima and Mimura
(1986), used for the compaction of silicon nitride powder, is recovered. If instead all granule deformation is
prevented, by letting k and l tend to inﬁnity, then Eq. (22) approaches the Drucker–Prager yield criterion
(Drucker and Prager, 1952), but the predicted expansion is more realistic.
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The size of the contacts between the granules can increase or decrease, resulting in granular materials soft-
ening, or hardening in response to deformation. It follows that, in general, the four parameters (k, l,l,m) will
not remain constant while the material is being deformed. The physical basis of the model, although relatively
simple, is of great signiﬁcance here. For example, the resistances to deformation at the contact patches (k, l)
will vary with the size of the patches as well as the strength of the granules; while the dilatancy (m) will alter if
the packing of the granules is disrupted by granule rearrangement. It can easily be seen that the formulation
proposed here enables relatively complex interactions of compaction, dilation, and constant volume behaviour
to be simulated.
The changes in k, l and m will depend principally on two characteristics of the current state of the granular
material.
(1) The amount of granule rearrangement that has occurred.
(2) The size of the inter-granular contact patches.
The initial arrangement of the granules depends on the history of deformation within the assembly (e.g. any
vibration it has experienced, or the mode of ﬁlling a die with powder). The size of the contact patches depend,
initially, on the previous amount of compaction. This in turn is controlled by the strength of the granules and
the history of the stresses. In addition, granular assemblies can dilate as a result of two mechanisms.
(1) Dilatancy can occur as a result of the disruption of a densely packed assembly of essentially rigid
granules.
(2) An assembly of deformable granules can dilate as a result of granules rolling away from previously ﬂat-
tened contact patches.
It follows that, after a granular material has been deformed, the individual granules will have a new orien-
tation and packing but will also have suﬀered some permanent deformation. There is, therefore, a requirement
for two parameters to describe the state of packing of the granules. To cater for this, an imaginary reference
state has been invented in which the granules have their current orientation but are returned to their original–1.5 –1 –0.5 0
0
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0.6
0.8
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σ/l
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Fig. 5. Yield function envelope showing the smooth transition from the zone with no particle rearrangement and only particle
deformation (broken lines) to that where particle rearrangement occurs (solid lines), progressing towards the origin with increasing
domination by particle rearrangement, until zero pressure is reached when there is no particle deformation.
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rate ( _V ref ) is deﬁned_V ref ¼ mrefV refð _dRij _dRijÞ
1
2; ð24Þwhere (mref ) is the dilation that occurs as a result of the disruption of a densely packed assembly of essentially
rigid granules. Note that a consequence of this formulation is that a simple hydrostatic compaction cannot
change the reference volume. Although this is probably not too realistic for very poorly packed powders, it
is retained for the sake of simplicity. To this is added the dilation produced when the contact patch rolls away
from the previous ﬂattening, denoted (mcon).
It is assumed that mref is dependent only on the diﬀerence between V ref and some critical volume (V C) at
which shear deformation of an assembly of rigid granules occurs without volume change – analogous to
the critical state in soil mechanics (Schoﬁeld and Wroth, 1968; Atkinson and Bransby, 1978). A simple for-
mula for mref might bemref ¼ n ðV C  V refÞV C : ð25Þwhere n is an empirical constant.
The diﬀerence in volume between the current volume (V) and reference state indicates the amount of ﬂat-
tening present at the contact patches. If this diﬀerence is normalized the parameter (g) can be deﬁnedg ¼ ðV ref  V Þ
V ref
: ð26ÞThis parameter can be used in tentative relationships for k and l as functions of g. If the granules are initially
rounded, then for a small amount of ﬂattening, consideration of the area of contact leads tol ¼ rgf ðgÞ; ð27Þ
where rg is characteristic of the strength of the granules. The model presented in this paper was developed for
both linear and non-linear hardening. The linear hardening rule simply used l ¼ rg, while the non-linear hard-
ening rule took the forml ¼ AðexpðBgÞ  1Þ; ð28Þ
where A and B were material constants. The ratio k=l was deﬁned by a constant, a, wherek ¼ al: ð29Þ
The dilatancy associated with ﬂattening at the contact patches of initially rounded granules is proportional to
the diameter of the contact patch. It was estimated, using simple geometry (Chandler, 1990), to be of the formmcon ¼ mg12; ð30Þ
where m is an empirical constant. The total dilatancy (m) is simply the sum of mcon and mref . The term l is as-
sumed to be a constant, characteristic of the granules and the interpore ﬂuid.
2.3. Formulating the model for the ﬁnite element method
To facilitate the use of this model by design engineers it was incorporated into the commercial software
package, ABAQUS, as a user deﬁned subroutine – called a UMAT. Finite element methods make use of
an incremental form of the constitutive equation which can be expressed in tensor format_rij ¼ Lijqr _eqr; ð31Þ
where Lijkl are the components of the instantaneous stiﬀness matrix. The well established procedures for imple-
menting plasticity models in the ﬁnite element method generally create this instantaneous stiﬀness matrix from
the consistency condition, the ﬂow rules, any hardening rules and the elastic stiﬀness.
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The consistency condition is obtained by diﬀerentiating the yield function (w) with respect to time and putt-
ing the change equal to zero, which gives_w ¼ ow
orij
 
_rij þ owohp
 
_hp ¼ 0; ð32Þwhere hp is the matrix of the variable hardening parameters (l, m, k and l); and the subscript p relates to the
particular hardening parameter and will be used with the summation convention exactly like the other, direc-
tional, subscripts. For convenience, we replace _hp with h
0
p
_D, where _D is the rate of the dissipation of energy
which is deﬁned in Eq. (8). This gives_w ¼ ow
orij
 
_rij þ owohp
 
h0p _D ¼ 0: ð33ÞRearranging gives_D ¼
 oworij
 
_rij
ow
ohp
 
h0p
: ð34Þ2.3.2. The ﬂow rules
The ﬂow rules are usually obtained by diﬀerentiating the plastic potential with respect to the components of
the stress tensor. In this model the ﬂow rules can be derived directly from Eqs. (14)–(17), (19). The same results
can be obtained by using an ‘artiﬁcial plastic potential’ (P).ððsijsijÞ
1
2 þ mrÞ2
ðc0Þ2 þ
sijsij
k2
þ r
2
l2
 1 ¼ P; ð35Þwhere c0 is the frictional resistance which has the value (lr) and was treated as a constant during diﬀerenti-
ation. It is worth noting that the absence of the square root in Eq. (35) (and present in Eq. (22)) does not,
in fact, alter the direction of plastic ﬂow. Its absence also makes the process of diﬀerentiation easier and
(as P ¼ 0) the artiﬁcial plastic potential surface is unchanged. If ððsijsijÞ
1
2 þ mrÞ < 0 then the ﬁrst term inside
the brackets was ignored – as discussed earlier. This artiﬁcial plastic potential has the same properties as the
yield function, except when the derivative with respect to r is determined while the ﬁrst term inside the brack-
ets is present. The ﬂow rule is non-associated when the ﬁrst term is present, and associated when it is absent.
The inelastic ﬂow rule, in a form which agrees with Eq. (7), can now be determined from this plastic potential_ePij  _eDij þ _eRij ¼
_D
2
oP
orij

c0¼lr
; ð36Þwhere _ePij is the inelastic strain. So_ePij ¼
 oPorij

c0¼lr
 
ow
orqr
2 owohp h
0
p
0
BB@
1
CCA _rqr ð37Þwhich can be expressed_ePij ¼ Mijqr _rqr: ð38Þ
It should be noted that Mijqr are components of the inelastic compliance which is singular, as is always the case
for matrices constructed using the dyadic product. To obtain the stiﬀness, the elastic compliance is added to
the fourth order tensor M, allowing it to be inverted using the Sherman–Morrison formula (Sherman and
Morrison, 1950; Wikipedia, 2007). Most of the diﬀerentials needed to determine Mijqr using Eq. (37) are found
quite straightforwardly. However it is worth examining the way in which expressions for h0p were obtained.
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From the deﬁnitions of l, k and m given earlier, we get_l ¼ df
dg
_g; ð39Þ
_k ¼ a df
dg
_g; ð40Þand_m ¼ m _g
2
ﬃﬃﬃ
g
p  n
_V ref
V C
 
: ð41ÞFrom the deﬁnition of g we get_g ¼ V
V ref
ð _eref  _eÞ; ð42Þwhere _V ¼ _eV and _V ref ¼ _erefV ref .
Clearly df =dg is a constant for the linear hardening case. From the non-linear hardening rule given in Eq.
(28) we getdl
dg
¼ AB expðBgÞ: ð43ÞIt can be seen that_eP ¼ _eD þ _eR ¼ m
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_dRij _d
R
ij
q
þ r
l2
_D; ð44Þ
_eref ¼ mref
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_dRij _d
R
ij
q
ð45Þandmrþ ﬃﬃﬃﬃﬃﬃﬃﬃsijsijp
r2l2
 
_D ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_dRij _d
R
ij
q
: ð46ÞThe parameter increments _l, _k and _m can now be put into the form _l ¼ l0 _D, _k ¼ k0 _D and _m ¼ m0 _D withl0 ¼ df
dg
mcon
mrþ ﬃﬃﬃﬃﬃﬃﬃﬃsijsijp
r2l2
 
 r
l2
 	
; ð47Þ
k0 ¼ al0; ð48Þ
andm0 ¼  mrþ
ﬃﬃﬃﬃﬃﬃﬃﬃ
sijsij
p
r2l2
 	
mconm
2
ﬃﬃﬃ
g
p þ nV refmref
V ref
 	
 m
2
ﬃﬃﬃ
g
p r
l2
: ð49ÞThe linear hardening version of the model presented here was then implemented in ABAQUS as a subroutine
or user deﬁned material model (a UMAT) with a backwards Euler (Newton–Raphson) iteration system to im-
prove its stability and using the Euler forward method to obtain the ﬁrst guess. Granule stiﬀness (and, hence,
elastic deformation of the granules) was introduced by drawing on the work of Bardet (Bardet, 1988) and
usingE ¼ E0 þ E0Pa IP a
 n0
; ð50Þwhere Pa is the atmospheric pressure, I is the ﬁrst invariant of the stress tensor E is the elastic modulus, E0 is
the initial modulus and E0 and n0, are dimensionless constants which could be determined from a triaxial test.
In this way the granule stiﬀness could evolve with particle deformation or remain constant, depending on the
choice of parameters.
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and B from compaction tests. An adjustment was applied at the end of each increment to ensure that the yield
criterion was obeyed and acceptable accuracy maintained.3. Comparing the model predictions with experimental data and results obtained from other models
Simulations obtained using this model were initially checked against simulations obtained using an earlier,
non-incremental implementation of the model; then simulations of a powder settling in a tall bin were com-
pared with published results obtained using other models; and, ﬁnally, some predictions of the distribution of
volumetric strain within a sample of powder pressed in a die were compared with experimental results.3.1. Axisymmetric drained triaxial compression tests
A common test conﬁguration used in soil mechanics is the triaxial test. In one of the standard procedures, a
cylindrical bag made of rubber and containing soil is ﬁrst compacted by a hydrostatic stress. Keeping this
pressure constant, the plane ends are slowly squeezed between two parallel platens allowing the soil to change
its volume and the pore water to drain out through the perforated lower platen. This is the drained triaxial test
– the undrained test will not be considered here.
Axisymmetric drained compression tests were simulated in the following way:
(1) An isotropic compaction was simulated.
(2) Keeping the lateral stress (r2) constant, the axial strain (e1) was decreased (compression negative) in suc-
cessive increments.
Simulations for a material with an initial reference volume appropriate to the densest possible particle pack-
ing in the absence of particle deformation were considered. Linear hardening was used and model parameters
(shown in Table 1) were chosen to match those used in earlier simulations (Chandler, 1990); and excellent
agreement was achieved, as can be seen from Fig. 6. As shown in Fig. 6c and f, the proportion of shear defor-
mation (hS) caused by deformation and deﬁned asTable
Summ
Symbo
V C
V ref
V i
a
m
n
l
rg
E0
E0
n0
mp
The po
shownhS ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_dRij _d
R
ij
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_dRij _d
R
ij
q
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_dDij _d
D
ij
q ; ð51Þ
and the proportion of volumetric deformation (hV) caused by rearrangement and deﬁned as1
ary of model parameters used to simulate drained triaxial tests
l Meaning Value
Volume of loose packing 1.85*
Initial reference volume 1.65*
Volume after initial compaction 1.649/1.640*
Ratio of k/l 2.0
Contact dilatancy constant 0.7
Arrangement dilatancy constant 3.0
Internal friction constant 1.05
Granule strength 66,000 Pa
Initial granule stiﬀness 100,000 Pa
Granule stiﬀness parameter 390
Granule stiﬀness parameter 0.6
Poisson’s ratio 0.25
wder volumes (measured in m3) marked with an asterisk (*) were based on 1 m
3 of notionally solid material. Other parameters
without units are dimensionless.
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Fig. 6. Simulations of drained triaxial tests using parameters given in Table 1. The solid lines indicate the simulations made using the
model presented here, the circles indicate the results of simulations published earlier (Chandler, 1990). (a) and (d) represent V i to 1.649
(hard) while (b) and (e) represent V i to 1.640 (soft).
ðr22r11Þ
r11
is the normalized shear stress; and the dilation is in the positive sense of the
volumetric strain, e. (c) shows the fraction of shear strain that occurs as a result of particle rearrangement, while (f) shows the fraction of
volumetric strain that occurs as a result of particle rearrangement, the thick lines relate to the hard pre-compaction (as cases (a) and (d))
and the thin lines to the soft (cases (b) and (e)).
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Rj
j _eRj þ j _eDj ; ð52Þincrease from zero as the shear stress increases. It is worth noting that the model predicts that there is always
some contribution from granule deformation. As the critical state is approached the value of hV approaches
0:5 (not shown), when the rate of volume increase as a result of dilatancy is balanced by the rate of volume
increase resulting from granule deformation.
3.2. Powder settling under its own weight in a bin
A simulation of a tall, square bin ﬁlled with powder was carried out. The powder was allowed to settle
under its own weight with the acceleration due to gravity taken as 10 ms2. The model parameters were chosen
to match those used in simulations by Chandler and Song (1990). Hence a was set to 1.0, the coeﬃcient of
friction between the silo wall and the powder was set to 1.0 and the model parameter l was adjusted until
the ratio of horizontal stress to vertical stress was 0.4. The results of Chandler and Song are presented in a
dimensionless format that places no restriction on the values of the other model parameters which were
selected arbitrarily. The volume strain was normalized to match the dimensionless compaction used by Chan-
dler and Song (1990). The contour plot predicted by this model is shown in Fig. 8 and compares well with
predictions from the Chandler–Song model reproduced in Fig. 7. The analysis using the Chandler–Song model
underestimated end eﬀects, which are clearly shown in the ﬁnite element analysis using the model presented
here.
The variation of the vertical stress with depth was also examined by Chandler and Song who compared
their results with predictions determined using Janssen’s formula (Janssen, 1895). Their results are compared
with predictions obtained using this model in Fig. 9.
Fig. 7. Contours of dimensionless compaction ( lqgw, where l is the resistance to compaction deﬁned in Section 2.1, q is the density, g is the
acceleration due to gravity, and w is the half width of the bin) for settlement in a deep bin obtained using the Chandler–Song model
presented elsewhere (Chandler and Song, 1990).
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The model was used, with ﬁnite element analysis, to simulate some experimental die pressing carried
out using the apparatus described in work by Song and Chandler (1990) which essentially consisted of
two thin metal cylindrical shells of inner radius (R). The upper cylinder contained the powder and its dia-
metrical expansion (resulting from lateral pressure in the powder) was measured with strain gauges. The
lower cylinder was also strain gauged and was used as a form of load cell to determine the total frictional
force on the upper cylinder. The total load applied to the top plunger was measured using a load cell and
a compression testing machine. A commercial spray-dried alumina powder supplied by Hepworth Refrac-
tories was used as a sample material. Two groups of samples (with diﬀerent moisture contents) were com-
pacted and the compaction properties of the powder and the die-wall friction were determined – all as
described by Song and Chandler (1990). The compressibility curves shown in Fig. 10 were found to be
consistent with the functionP av ¼ A0ðeB0g  1Þ; ð53Þ
Fig. 8. Contours of dimensionless compaction (see Fig. 7 for deﬁnition) for settlement in a deep bin obtained using the model presented in
this paper.
H.W. Chandler et al. / International Journal of Solids and Structures 45 (2008) 2056–2076 2071where P av is the average pressure, A
0 and B0 are constants with values shown in Table 2. The value of hardening
parameter, A (see Eq. (28)), used in the simulations was determined by multiplying the value of A0 shown in
Table 2 by a factor of 1.1. This compensated for the use of average pressure in the experiment. The model
parameters used in the simulations (which incorporated appropriate scaling factors) are given in Table 4.
Small blocks were cut from the green compact and then weighed and measured, and the density was cal-
culated. From this the volumetric strain distribution within the sample at the end of the test was established.
Samples of the two moisture contents were used at two diﬀerent aspect ratios, in order to see the eﬀect of the
initial sample height (H) on the distribution of volumetric strain. The parameters determined during these tests
are shown in Table 3 and were used to determine the model parameters shown in Table 4. The total compac-
tion is ln HHe where He is the ﬁnal sample height. The volumes used in the simulations were obtained by scaling
(to avoid ill-conditioning within the Newton–Raphson algorithm) the speciﬁc volumes determined from the
densities obtained experimentally. Plots of the volumetric strain obtained experimentally are shown in Figs.
11 and 13, and those obtained from the simulations are shown in Figs. 12 and 14.
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ChandlerSong model.
Janssen’s model.
F.E. Simulations
Fig. 9. Dimensionless stress versus depth parameter plots for the settlement of powder in a deep bin. y is the depth from the top of the bin
ry is the vertical stress, q is the density of the powder, g is the acceleration due to gravity and w is half the width of the bin.
Fig. 10. Compressibility curves for die pressing alumina samples. The open circles show the experimental results for Sample 1 and the
crosses show the experimental results for Sample 2. The solid and dotted lines show the curves ﬁtted to the data using Eq. (53) with the
parameters given in Table 3, while the diamonds and triangles show the results of the simulations obtained using ABAQUS and the
UMAT of the model presented in this paper with the model parameters shown in Table 4.
Table 2
Parameters for compaction curves
Samples type 1 Samples type 2
A0 0.0176 MPa 0.0458 MPa
B0 16.694 16.725
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Table 4
Summary of model parameters used to simulate die pressing density experiments
Symbol Parameter Sample 1, 2
V C Volume of loose packing 7.75, 6.775 (106)
V Iref Initial reference volume 7.75, 6.775 (106)
V i Volume after initial compaction 7.746, 6.771 (106)
a Ratio of k/l 2.0
m Contact dilatancy constant 0.7
n Arrangement dilatancy constant 3.0
l Internal friction constant 1.0
E0 Initial granule stiﬀness 100,000 Pa
E0 Granule stiﬀness parameter 200, 300
mp Poisson’s ratio 0.28
A Granule hardening parameter 19,360, 50,380 Pa
B Granule hardening parameter 16.694, 16.725
Fig. 11. Volumetric strain percent in Sample 1 – experimental results.
Fig. 12. Volumetric strain percent in Sample 1 – simulation.
Table 3
Parameters for density distribution experiments
Sample 1 Sample 2
H=R 2.254 1.216
Initial density 1291 kg m3 1476 kg m3
Total compaction 0.397 0.238
K0 0.39 0.42
Die-wall friction coeﬃcient (l) 0.61 0.589
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Fig. 13. Volumetric strain percent in Sample 2 – experimental results.
Fig. 14. Volumetric strain percent in Sample 2 – simulation.
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This paper has demonstrated that some important aspects of the mechanical properties of granular mate-
rials can be simulated with a relatively simple, physically based model. This model has been shown to be
robust and stable when used in ﬁnite element analysis and gives realistic results in a variety of simulations
when used with appropriate values for the model parameters. The model has a number of noteworthy features.
(1) Using a dissipation function and dilation rule rather than a plastic potential and yield surface ensures
that the non-associated ﬂow rule is implicit in the model allowing more realistic forms for these expres-
sions to be postulated more easily. An appropriate mix of rearrangemental and deformational modes is
also intrinsic to the model, avoiding the need for artiﬁcial smoothing at transitions between distinct yield
functions.
(2) The model parameters, although not always identical to the material properties commonly used, none-
theless are closely related to them. For example, the model parameter, l is related to the friction between
the granules so that if rougher granules were used, l would increase. It follows that the consequences of
changing aspects of the material (such as the surface roughness of the granules or the granule strength or
stiﬀness) could be explored in a straightforward manner.
(3) The ﬂow rules can be encapsulated in an ‘artiﬁcial plastic potential’ which can be established quite easily
from the yield function. As a result fewer assumptions are needed to establish the ﬁnite element formu-
lation than would be required if the plastic potential were established empirically.
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ancy or, as mentioned earlier, risk the bizarre prediction that no energy is dissipated by free ﬂowing
materials.
(5) As the ﬂow rule has been established from a dissipation function and dilatancy rule in a single procedure
that also determines the yield surface, frictional behaviour is treated appropriately and the model is
automatically thermodynamically consistent.
(6) As the dissipation function is established by considering the mechanics of the behaviour of granular
materials, the model can be applied to novel situations with more conﬁdence than would be appropriate
for an empirically based model. Additionally, the model parameters are closely related to the physical
material parameters, so the eﬀect of changing any of them can be explored and used to guide the devel-
opment of granular materials and their storage, transport, processing and use.
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